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We present how the surface/state correspondence, conjectured in arXiv:1503.03542, works in the
setup of AdS3/CFT2 by generalizing the formulation of cMERA. The boundary states in conformal
field theories play a crucial role in our formulation and the bulk diffeomorphism is naturally taken
into account. We give an identification of bulk local operators which reproduces correct scalar field
solutions on AdS3 and bulk scalar propagators. We also calculate the information metric for a
locally excited state and show that it is given by that of 2d hyperbolic manifold, which is argued to
describe the time slice of AdS3.
1. Introduction
Even though the idea of AdS/CFT correspondence [1]
has lead tremendous progresses in string theory, we still
do not fully know its basic mechanism how it works. It
is obvious that the AdS/CFT correspondence can be un-
derstood in terms of holographic principle [2]. However,
our current understandings of holographic principle are
not complete as well.
The recently proposed duality called surface/state cor-
respondence [3] gives a more detailed structure of holo-
graphic relations. This duality can in principle be ap-
plied to any spacetimes described by Einstein gravity and
even to those without time-like boundaries. This sur-
face/state correspondence (or simply called SS-duality)
argues a correspondence between any codimension two
convex surface Σ and a quantum state described by a
density matrix ρ(Σ) for the Hilbert space of quantum
theory dual to the Einstein gravity. When this surface
is closed and topologically trivial, the state is given by a
pure state ρ(Σ) = |Σ〉〈Σ|. In particular, if we consider
Einstein gravity in an AdS space and take Σ to be a time
slice of AdS boundary, then |Φ(Σ)〉 is simply given by
the ground state |0〉 of the dual conformal field theory
(CFT). Refer to Fig.1.
This SS-duality is argued based on the recently found
connection between the AdS/CFT and the tensor net-
works. Such a relation has been first proposed in [4]
for MERA (Multi-scale Entanglement Renormalization
Ansatz) [5] and later developed in [6] for cMERA (con-
tinuous MERA) [7]. Refer also to e.g.[8–11] for various
refinements and limitations of the connection between
AdS/CFT and tensor networks. In general, a tensor net-
work describes a wave function of a quantum state as
a network diagram which fills a discretized space. The
state |Φ(Σ)〉 dual to a convex closed surface Σ is con-
structed by contracting the indices of tensors which are
included in the region surrounded by Σ. For example, in
the network found in [9] we can explicitly construct the
state |Φ(Σ)〉 consistently by the above procedure. If the
tensor network describes correctly a CFT ground state,
then we expect the space described by the network is
identical to a hyperbolic space, being equivalent to a time
slice of AdS space. We would like to argue that the most
direct way to realize tensor networks for CFTs is to em-
ploy the cMERA as we do not need to worry about lattice
artifacts.
It is also important that the Hilbert space structure
does not change under smooth deformation of Σ in the
SS-duality. Even though the discretized tensor network
picture tells us that the Hilbert space for |Φ(Σ)〉 is given
by the links of network intersecting with Σ and thus its
size can change, we always insert a dummy trivial state to
keep the total dimension of Hilbert space the same. Thus
the evolution of |Φ(Σ)〉 under a smooth deformation of
Σ can be treated as a unitary transformation.
The most elementary object in SS-duality is the quan-
tum state dual to a zero size closed surface, i.e. just a
point. Such a state dual to a point in a gravitational
spacetime is identified with the boundary state |B〉 [3].
This is because there is no real space entanglement for
the state dual to such a point-like surface, according to
the idea of holographic entanglement entropy [12], and
because the state with a vanishing real space entangle-
ment entropy is given by the boundary state [13].
The latter fact can be naturally understood by turning
off a relevant (e.g. mass) operator in a CFT suddenly at
(Euclidean) time τ = 0 as in the analysis of quantum
quenches [14]. In terms of quantum states we find that
the ground state |0〉 appears for τ > 0 and thus it is
equivalent to put a sharp boundary at τ = 0 and re-
stricts the spacetime for the region τ > 0 as in Fig.2.
In 2d CFTs, such a physical boundary state is called a
Cardy states |Cα〉 [15], where α labels the primary fields
Ψα. An Ishibashi state |Iα〉 [16] is a boundary state which
includes only one sector of primary field Ψα and its de-
scendants. A Cardy state is given by a specific linear
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FIG. 1. A sketch of Surface/State Correspondence in
AdS/CFT.
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FIG. 2. A realization of a boundary state in CFT by imposing
a boundary condition in the path-integral formalism. As a UV
regularization, we introduced an (Euclidean) time translation
by the CFT Hamiltonian H = L0+ L˜0− c/12 for a short time
interval −δ ≤ τ ≤ 0.
combination of Ishibashi states.
The purpose of this paper is to give an explicit
formulation of SS-duality for AdS/CFT correspondence
by generalizing the formalism of cMERA. We would
like to show how the bulk geometry appears and how
the bulk operators are described in this formalism. In
particular we will focus on the setup of AdS3/CFT2 so
that we have a good control of boundary states.
2. SS-duality formulation and cMERA
Let us start with a cMERA description of the CFT
ground state |0〉. We will employ the rescaled formalism
in [6] which is obtained from the original construction
[7] by getting rid of the rescaling procedure and which
has an advantage that the Hilbert space does not change
even if we consider a CFT on a compact manifold. The
cMERA formulation is defined by a flow from the UV
state given by the CFT vacuum |0〉 to the IR state which
has no real space entanglement.
As we have explained, we can identify such a state with
one of boundary states [13], denoted by |B0〉. In CFTd+1
for d ≥ 3, there is a conformal mass term in the gauge
theory on R × Sd dual to a global AdSd+2. Therefore it
is natural to identify |B0〉 with the (Cardy-like physical)
boundary state for Dirichlet boundary condition, which
also preserves the R-symmety. However, in a 2d CFT on
a cylinder, there is no conformal mass and thus it is subtle
whether |B0〉 is a Cardy state or Ishibashi state. Never-
theless, the requirement of preservation of R-symmetry
and other internal symmetries suggests that the IR state
should be the Ishibashi state |I0〉 for the identity primary
state.
In this way, our general formulation of cMERA is ex-
pressed as follows:
|0〉 = P exp
(
−i
∫ 0
−∞
duKˆ(u)
)
|I0〉, (1)
where Kˆ(u) is the disentangling operator at scale u and
P denotes the path-ordering. This operation Kˆ(u) elimi-
nates quantum entanglement longer than the length scale
ǫe−u, where ǫ is the UV cut off or lattice spacing. The
UV and IR limit corresponds to u = 0 and u = −∞,
respectively.
Once Kˆ(u) is given, we can define the intermediate
state |0(u)〉 at scale u as follows
|0(u)〉 = P exp
(
−i
∫ u
−∞
duKˆ(u)
)
|I0〉. (2)
In this way, the cMERA is a unitary transformation (or
a generalization of Bogoliubov transformation) from the
vacuum to the Ishibashi state. As u increases, some
amount of quantum entanglement is added by the Kˆ(u)
operation. In the light of the AdS/CFT, we expect that
the cMERA network describes the time slice of AdS space
i.e. hyperbolic space.
In SS-duality, we can consider the surface Σ(u) dual
to |0(u)〉. This surface coincides with a time slice of the
AdS boundary for u = 0 and get shrinking as u decreases.
Eventually at u→ −∞, it degenerates to a point at the
origin of the AdS space. Therefore we have |0(0)〉 = |0〉
and |0(−∞)〉 = |I0〉 as in Fig.1.
Now we consider a 2d holographic CFT on a cylinder,
whose coordinate is given by (t, φ) with the periodicity
φ ∼ φ + 2π. The dual AdS3 is given by the global coor-
dinate
ds2 = R2(− cosh2 ρdt2 + dρ2 + sinh2 ρdφ2). (3)
The isometry of AdS3 is given by SL(2, R)L×SL(2, R)R,
which are generated by (L1, L0, L−1) and (L˜1, L˜0, L˜−1)
dual to the (global) Virasoro symmetry of 2d CFT. These
are explicitly given by the following action in AdS3 [18]:
L0 = i∂+, L˜0 = i∂−,
L±1 = ie
±ix+
[
cosh 2ρ
sinh 2ρ
∂+ − 1
sinh 2ρ
∂− ∓ i
2
∂ρ
]
,
L˜±1 = ie
±ix−
[
cosh 2ρ
sinh 2ρ
∂− − 1
sinh 2ρ
∂+ ∓ i
2
∂ρ
]
. (4)
In particular, we are interested in a SL(2, R) subgroup
of SL(2, R)L×SL(2, R)R which does not change the time
3slice t = 0. It is generated by (l1, l0, l−1) defined by
l0 = L0 − L˜0 = i∂φ,
l−1 = L˜1 − L−1 = ie−iφ
[
−1 + cosh(2ρ)
sinh(2ρ)
∂φ − i∂ρ
]
,
l1 = L˜−1 − L1 = −ieiφ
[
1 + cosh(2ρ)
sinh(2ρ)
∂φ − i∂ρ
]
. (5)
They satisfy the SL(2, R) algebra as usual
[l0, l±1] = ∓l±1, [l1, l−1] = 2l0, (6)
and correspond to the Killing vectors on H2 defined by
the time slice t = 0 of the AdS3.
The SL(2, R) transformation g(ρ, φ) which takes the
origin ρ = 0 to a point (ρ, φ) on H2 is given by
g(ρ, φ) = eiφl0e
ρ
2
(l1−l−1). (7)
It is obvious that the CFT vacuum |0〉 is invariant un-
der this SL(2, R) transformation. Moreover, boundary
states have the same invariance:
g(ρ, φ)|Iα〉 = |Iα〉, (8)
which comes from the basic property (Ln− L˜−n)|Iα〉 = 0
of the boundary states. Thus the quantum states dual
to points on the H2 are all given by the same state |I0〉.
This agrees with the argument of SS-duality where all
states whose dual surfaces are related by isometry are the
same [3]. This is also consistent with the tensor network
picture because this quantum state corresponds to the
point-like state in the network and should be the same
trivial state with no entanglement.
By acting g(ρ, φ) transformation, we can rewrite (1) as
|0〉 = P exp
(
−i
∫ 0
−∞
duKˆ(ρ,φ)(u)
)
|I0〉, (9)
where we defined
Kˆ(ρ,φ)(u) = g(ρ, φ) · Kˆ(u) · g(ρ, φ)−1. (10)
This transformation relates two different the cMERA
networks related by the conformal transformation as
sketched in Fig.3. For simplicity of our expressions, we
introduce the notation:
U(ρ,φ) = P exp
(
−i
∫ 0
−∞
duKˆ(ρ,φ)(u)
)
. (11)
We would also like to mention one more important
observation. Since boundary states preserve ln = L˜−n −
Ln even for |n| ≥ 2, we can generalize (10) into
Kˆh(u) = hˆ(u)Kˆ(u)hˆ(u)
−1 + i∂uhˆ(u) · hˆ(u), (12)
where hˆ(u) = exp (
∑
n hn(u)ln). This transformation
(12) is interpreted as the deformation of the intermediate
surface Σu dual to the state
|Φ(Σu)〉 = P exp
(
−i
∫ u
−∞
duKˆg(u)
)
|I0〉, (13)
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FIG. 3. The SL(2, R) conformal transformation of cMERA
flow.
which allows us to choose any possible foliation
{Σu}−∞<u<0 of the time slice H2. Note that as long
as we assume hn(0) = 0, we always end with up the
vacuum state |Φ(Σ0)〉 = |0〉 at u = 0. This confirms the
proposed surface/state corresponence. At the same time,
we find that the diffeomorphism gauge symmetry which
preserves the time slice is included in our generalized
cMERA formulation.
3. Bulk Local Operators
Now we would like to turn to excitations by bulk fields.
There are two equivalent ways to realize this. One is to
modify only the disentangler Kˆ(u) in (1). For example,
a construction of Kˆ(u) for quantum quenches have been
given in [6]. Another is to modify only the IR state |I0〉,
keeping the cMERA network unchanged. Analogous for-
mulation was constructed for lattice models in [8, 9]. Be-
low we will work in the latter formalism and thus Kˆ(u)
is the same as the one for the ground state.
In AdS/CFT, the vacuum |0〉 ∈ HCFT of the CFT
is dual to the vacuum of bulk gravity |0〉bulk ∈ Hbulk,
where HCFT and Hbulk denote the Hilbert space of the
CFT and the bulk gravity, respectively.
Let us insert a bulk quantized field ψˆα(ρ, φ) dual to
a CFT primary field Ψα, on the time slice H2 at the
point (ρ, φ). We argue that the locally excited state
ψˆα(ρ, φ)|0〉bulk is dual to the following CFT excited state
|Ψα(ρ, φ)〉:
ψˆα(ρ, φ)|0〉bulk ∈ Hbulk
↔ |Ψα(ρ, φ)〉 = U(ρ,φ)|Iα〉 ∈ HCFT . (14)
Since the metric should not change for the locally excited
state except the localized region, the state should have
almost vanishing real space entanglement. Therefore, the
IR state of the cMERA for the excited is also given by a
boundary state. Since the primary field Ψα is included
only in |Iα〉, we can argue that the IR state is given by
|Iα〉 as in (14).
By taking into the time evolution, we can make the
4following identification
ψˆα(ρ, φ, t)↔ ei(L0+L˜0)t · U(ρ,φ) ·Mα · U−1(ρ,φ) · e−i(L0+L˜0)t,
(15)
where Mα is an unitary operation which maps |I0〉 to
|Iα〉. Refer to e.g. [17] for an earlier standard literature
of bulk field construction from CFT operators. We are
taking a different route for the same purpose as we are
restricting on a specific time slice instead of working in
a Lorentz covariant formalism.
It is obvious that we can take any linear combinations
of them as∫
H2
dρdφ fα(ρ, φ)ψˆα(ρ, φ)|0〉bulk ∈ Hbulk
↔
∫
H2
dρdφ fα(ρ, φ)|Ψα(ρ, φ)〉 ∈ HCFT . (16)
Moreover we can consider multiply excited states
ψˆα(ρ, φ)ψˆβ(ρ
′, φ′)|0〉bulk ∈ Hbulk
↔ (U(ρ,φ) ·Mα · U−1(ρ,φ))(U(ρ′,φ′) ·Mβ · U−1(ρ′,φ′))|0〉 ∈ HCFT .
In this way, we find the correspondence
|ψbulk〉 ∈ Hbulk = ⊗(ρ,φ)H(ρ,φ)bulk → |ψ〉 ∈ HCFT . (17)
However this map should not be an equivalent relation
as the size of boundary CFT Hilbert space is limited.
Indeed, we expect that the bulk field theory should have
the UV cut off at the Planck scale lp.
We can estimate how much the locality of bulk local
operators persists when the length of (ρ′− ρ, φ′−φ) gets
larger by looking at the inner product
〈Iα|U−1(ρ,φ)U(ρ′,φ′)|Iα〉 = 〈Ψα(ρ, φ)|Ψα(ρ′, φ′)〉, (18)
where we used the symmetry (8). If this inner product
is much smaller than one, then we expect that the bulk
fields behave locally for that length scale.
4. Scalar Field Wave Functions
Next we need to understand what the states |Ψα(ρ, φ)〉
look like. For our convenience, let us define |Ψα〉 ≡
|Ψα(0, 0)〉 such that |Ψα(ρ, φ)〉 = g(ρ, φ)|Ψα〉. Remem-
ber that |Ψα〉 is a CFT excited state which is dual to a
local excitation in the bulk AdS at the origin ρ = 0 at
the time t = 0. Thus we are considering a bulk geometry
where only the origin of AdS3 at t = 0 differs from that
of pure AdS3.
The SL(2, R) subgroup of the original SL(2, R)L ×
SL(2, R)R which preserves the point ρ = t = 0 is not
same as the one generated by l0, l±, but it is generated
by L0− L˜0, L1+ L˜−1 and L−1+ L˜1, as can be confirmed
from (4). Therefore |Ψα〉 should satisfy
(L0− L˜0)|Ψα〉 = (L1+ L˜−1)|Ψα〉 = (L−1+ L˜1)|Ψα〉 = 0.
(19)
The simplest solution to this condition (19) is given by
|Ψα〉 ∝ eipi2 (L0+L˜0)|Jα〉, (20)
where |Jα〉 is the ‘Ishibashi state’ for the SL(2, R)L ×
SL(2, R)R subalgebra of the Virasoro algebra. It is ex-
plicitly defined by
|Jα〉 =
∞∑
k=0
|k〉L|k〉R, (21)
where |k〉L (or |k〉R) denotes the normalized (unit
norm) descendant state proportional to (L−1)
k|α〉 (or
(L˜−1)
k|α〉). We would like to argue that this choice (20)
is the correct state dual to the bulk local operator. Note
that if we in particular choose the primary state |α〉 to
be the vacuum |0〉, we simply find |Ψα(ρ, φ)〉 = |0〉 as
expected.
Indeed, by using the property (19), we can reproduce
the correct scalar field solution on the AdS3 dual to the
state |β〉, which is either a primary state |α〉 or one of
its descendants. The bulk scalar field expectation value
for the state |β〉 can be computed from the CFT inner
product as follows
〈ψˆα(ρ, φ, t)〉|β〉 = 〈Ψα(ρ, φ)|e−it(L0+L˜0)|β〉. (22)
By using the identity
〈Ψα|e−
ρ
2
(l1−l−1)|α〉 = 〈Ψα|eρ(L1−L−1)|α〉 = 1
(cosh ρ)2∆α
,
we can confirm that the scalar field expectation value
for the primary state agrees with the known scalar field
solution in AdS3:
〈ψˆα(ρ, φ, t)〉|α〉 ∝ e−2i∆αt
1
(cosh ρ)2∆α
, (23)
where (L0 −∆α)|α〉 = (L˜0 −∆α)|α〉 = 0.
We can also extend the matching of (22) with those
of scalar field solutions on the global AdS3 to SL(2,R)
descendants states as we will show explicitly in the ap-
pendix A. They are obtained by acting L±1 and L˜±1 on
the primary state and the scalar field expectation val-
ues are obtained by acting the differential operators (4)
on (23). It is also useful to note the inner product (22)
is vanishing if we choose |β〉 to be non-SL(2, R) descen-
dants which are orthogonal to |k〉L and |k〉R. Thus we
can confirm that the (perturbative) equation of motion
for the scalar field operator[
L2 + L˜2 +
m2R2
2
]
ψˆα(t, ρ, φ) = 0, (24)
is satisfied. Here L2 = (L−1L1 + L1L−1)/2 − L20 is
the differential operator corresponding to the Casimir
of SL(2, R) in terms of (4) and we have ∆α =
1
2 +
1
2
√
m2R2 + 1 as usual in AdS3/CFT2. Moreover, as we
5will show in the appendix B, we can prove that our inner
product 〈Φ(ρ, t, φ)|Φ(ρ′, t, φ′)〉 in the 2d CFT perfectly
matches with the known expression of bulk to bulk prop-
agator of a free massive scalar in AdS3.
In this way, we learned that the effect of unitary
transformation U(ρ,φ) is to remove the (higher) Virasoro
generators Ln and L˜n with |n| ≥ 2 and perform a time
translation by pi2 .
5. Information Metric
To study the behavior of the inner product (18), it is
useful to employ the idea of Fisher information metric
Gab defined by
1− |〈Ψα(ρ, φ)|Ψα(ρ+ dρ, φ+ dφ)〉|
= Gρρdρ
2 + 2Gρφdρdφ +Gφφdφ
2. (25)
This measures the distance between the two states
|Ψα(ρ, φ)〉 and |Ψα(ρ+dρ, φ+dφ)〉. In this way, we want
to probe the AdS geometry by considering the distance
between two local excitations.
However, for our purpose, we do not want to have a lit-
erally delta functional local excitation but want to smear
over a length larger than the Planck length near the ori-
gin. Indeed the state (20) is singular in that it has an
infinite norm and thus we need a UV regularization. We
expect that the energy of local excitation should not ex-
ceed the Planck energy. In AdS/CFT, the energy E is
related to the conformal dimension ∆ of operator via
E = ∆/R. If we substitute E ≪ 1/lp ∼ 1/GN , then we
have the bound ∆≪ c. Therefore we would like to argue
the following estimation:
|Ψα〉 ∝ e−δ(L0+L˜0)eipi2 (L0+L˜0)|Jα〉, (26)
where δ provided the UV cut off and therefore we should
take δ ∼ 1
c
.
We can evaluate the inner product keeping only
quadratic terms:
1− |〈Ψα(ρ, φ)|Ψα(ρ+ dρ, φ+ dφ)〉|
=
1
8
(
dρ2 + sinh2 ρdφ2
) 〈Ψα|(l−1l1 + l1l−1)|Ψα〉. (27)
Here we employed (8) and the identity
e−
ρ
2
(l1−l−1)l0e
ρ
2
(l1−l−1) = cosh ρ · l0 − sinh ρ · l1 + l−1
2
.
(28)
Also we can easily show
l±1|Ψα〉 = −(e±2δ + 1)L±1|Ψα〉. (29)
Since the following identity is obvious
〈Ψα|l−1l1|Ψα〉 = 〈Ψα|l1l−1|Ψα〉, (30)
we can combining this with (29) to find
2δ · 〈Ψα|L−1L1|Ψα〉 = 〈Ψα|L0|Ψα〉. (31)
This allows us to estimate the right hand side of (31)
by taking a derivative of δ:
〈Ψα|L0|Ψα〉 ≃ −1
4
∂
∂δ
[
log
∞∑
k=0
e−4δk
]
≃ 1
4δ
, (32)
and therefore we obtain
〈Ψα|l−1l1|Ψα〉 ≃ 4〈Ψα|L−1L1|Ψα〉 ≃ 1
2δ2
. (33)
In this way, the information metric for |Ψα(ρ, φ)〉 is
given by that of a hyperbolic space:
ds2inf =
1
8δ2
(
dρ2 + sinh2 ρdφ2
)
. (34)
It is natural to expect that this corresponds to the time
slice of the global AdS3, to which our 2d CFT is dual.
Indeed, the radius of this H2 coincides with that in the
AdS3 metric with the Planck unit up to an O(1) numer-
ical factor as we chose δ ∼ 1/c.
Actually, it is not difficult to obtain the full space-
time metric of AdS3 including the time components. As
we have shown in the appendix B, the two point func-
tion 〈Φ(ρ, t, φ)|Φ(ρ′, t, φ′)〉 coincides with the bulk to bulk
propagator of a free massive scalar. Even more generally,
when two points X and Y are closed to each other, any
two point function of a d+1 dimensional free scalar field
between them gets proportional toD(X,Y )−(d−1), where
D(X,Y ) is the distance between the two points. If we
regularize this by introducing a cut off δ, then the corre-
sponding normalized inner product looks like
〈Φ(X)|Φ(Y )〉 ≃ δ
d−1
(D(X,Y )2 + δ2)
d−1
2
. (35)
By expanding w.r.t the infinitesimally small distance, we
obtain ds2inf ∝ 1δ2 gijdX idXj, where gij is the metric of
the bulk spacetime. Since it is natural to choose δ to be
the Planck scale, the information metric ds2inf coincides
with the bulk metric in the Planck unit.
6. Conclusions
In this article, we gave an explicit construction of the
conjectured surface/state correspondence in the setup of
AdS3/CFT2. We realized this construction by general-
izing the formulation of cMERA, where the boundary
states in conformal field theories played an important role
of describing points in AdS3. Our formalism naturally
takes into account the bulk diffeomorphism as a gauge
symmetry of cMERA formalism. We found an identifica-
tion of bulk local operators which reproduces solutions of
scalar field equations of motion on AdS3. We also com-
puted the information metric for a locally excited state
and showed that it is given by that of a 2d hyperbolic
manifold, which is argued to describe the time slice of
AdS3.
6An obvious and important future problem is to find the
expression of disentangler Kˆ(u) for holographic CFTs. It
is natural to expect that in the UV region u ≃ 0, Kˆ(u)
gets qualitatively similar to that for free CFTs, where
Kˆ(u) is a bilinear of creation and annihilation operators,
which add O(c) entanglement, as in [6, 7]. On the other
hand, we expect that in the IR region |u| ≪ 1, the disen-
tangler Kˆ(u) should be a linear combination of products
of particular singlet operators such as L−nL˜−n, which
add only O(1) entanglement in the IR, motivated by
the confinement/deconfinement transition in holographic
CFTs. It is curious to note that this IR behavior may
suggest cMERA can have a sub-AdS scale locality, as
opposed to (discrete) MERA.
After we finish this work, we noticed the interesting
paper [19], which gave an identification of bulk local
operator using boundary states. Even though its con-
nection to our present construction is not immediately
clear, it might be possible to relate them by using the
relation [20] which connects the path-integral on the
CFT to the tensor network which describes the time
slice of AdS3.
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Appendix A: Analysis of Scalar Wave Functions
We are interested in the inner product (x± ≡ t± φ)
G|β〉(ρ, t, φ) ≡ 〈Ψα|eρ(L1−L−1)e−iφ(L0−L¯0)e−i(L0+L¯0)t|β〉
= 〈Ψα(t)|eρ(e
−ix+L1−e
ix+L−1)|β〉. (36)
Here |Ψα(t)〉 takes the form
|Ψα(t)〉 =
∞∑
k=0
ei(∆α+k)pie2i(∆α+k)t|k〉L|k〉R. (37)
We assume the state |β〉 has the factorized form
|β〉 = |k〉L|k¯〉R, (38)
where the conformal dimensions are given by L0 = ∆α+k
and L˜0 = ∆α+ k¯, which can be different from each other.
It is obvious that G0(ρ, t, φ) ∝ e−i(∆α+k)x+−i(∆α+k¯)x− .
Now we would like to find a relation between
GL−1|β〉(ρ, t, φ) ≡ 〈Ψα(t)|eρ(e
−ix+L1−e
ix+L−1)L−1|β〉,
(39)
and G|β〉(ρ, t, φ) in (36).
To see this, we consider the following inner product:
〈Ψα(t)|L0eρ(e
−ix+L1−e
ix+L−1)|β〉 = (∆α + k¯)G|β〉(ρ, t, φ).
(40)
We can rewrite this as follows:
(∆α + k¯)G|β〉(ρ, t, φ)
= 〈Ψα(t)|L0eρ(e
−ix+L1−e
ix+L−1)|β〉
= (∆α + k) cosh 2ρ ·G|β〉(ρ, t, φ)−
sinh 2ρ
2
∂ρG|β〉(ρ, t, φ)
−eix+ sinh 2ρ ·GL−1|β〉(ρ, t, φ), (41)
where we employed the identity
e−ρ(e
−ix+L1−e
ix+L−1)L0e
ρ(e−ix
+
L1−e
ix+L−1)
= cosh 2ρ · L0 − sinh 2ρ
2
(e−ix
+
L1 + e
ix+L−1). (42)
We also used the decomposition
e−ix
+
L1 + e
ix+L−1 = (e
−ix+L1 − eix
+
L−1) + 2e
ix+L−1,
where the first term in the right-hand side is equivalent
to the derivative ∂ρ.
Thus by equating the first and last equation in the
above we obtain
GL−1|β〉(ρ, t, φ)
= ie−ix+
(
i
2
∂ρ − 1
sinh 2ρ
∂x− +
cosh 2ρ
sinh 2ρ
∂x+
)
G|β〉(ρ, t, φ).
(43)
This indeed coincides with the differential operator L−1.
We can obtain a similar proof for L1, L˜±.
Appendix B Analysis of Two Point Functions
In this section we show that the inner product
〈Φ(ρ, t, φ)|Φ(ρ′, t, φ′)〉 reproduces the bulk to bulk prop-
agator of a free massive scalar in AdS3.
The solutions of equations of motion (AdS3+m
2)Φ =
0 for a free massive scalar Φ which correspond to general
descendant states in CFT2 are given in terms of Jacobi
Polynomials: (see eq.(28) in [21])
Φk,k¯(ρ, t, φ)
= e−i(2∆+k+k¯)tei(k−k¯)φ(sin θ)|k−k¯|(cos θ)2∆
×P (|k−k¯|,2∆−1)
k¯
(cos 2θ). (44)
7where we introduce the coordinate θ via sin θ = tanh−1 ρ;
the Jacobi polynomials P
(α,β)
n (x) (which is a generaliza-
tion of Legendre function) are defined using the hyper-
geometric function:
P (α,β)n (x) ≡
(n+ α)!
n!α!
· 2F1
(
−n, n+ α+ β + 1, α+ 1; 1− x
2
)
(45)
By using the SL(2, R) invariance, we can set ρ′ = φ′ =
t′ = 0 in the two point function without losing generality:
G(ρ, t) = 〈Ψ(ρ, φ, t)|Ψ(0, 0, 0)〉
= 〈Ψα(t)|eρ(e
−ix+L1−e
ix+L−1)|Ψα〉,
= 〈Ψα(t)|eρ(L1−L−1)|Ψα〉. (46)
This clearly shows that it is φ independent as expected
from the rotational invariance.
We can insert the identity
1 =
∞∑
k,k¯=0
|k〉L|k¯〉R〈k|L〈k¯|R. (47)
in the above two point function. The state |k〉L,R is ex-
plicitly given by
|k〉L = 1√
Nk
(L−1)
k|α〉, |k〉R = 1√
Nk
(L˜−1)
k|α〉, (48)
where
Nk = 〈α|(L1)k(L−1)k|α〉 =
k∏
j=1
(j2 + (2∆− 1)j). (49)
Then, we find
G(ρ, t) = 〈Ψα(t)|eρ(L1−L−1)

 ∞∑
k,k¯=0
|k〉L|k¯〉R〈k|L〈k¯|R

 |Ψα〉
=
∞∑
k=0
(−1)k〈Ψα(t)|eρ(e
−ix+L1−e
ix+L−1)|k〉L|k〉R, (50)
where we employed (40) at t = 0.
By using the result (43) on the equivalence between
the L−1, L˜−1 action on the state and its differential ac-
tion on AdS3 in [18] and the following formula for Jacobi
polynomials
(1− x2)dP
(α,β)
n+1 (x)
dx
+ (n+ 1)(x+
β − α
2n+ α+ β + 2
)P
(α,β)
n+1 (x)
=
2(n+ α+ 1)(n+ β + 1)
2n+ α+ β + 2
P (α,β)n (x)
−(1− x2)dP
(α,β)
n (x)
dx
+(n+ α+ β + 1)(x+
α− β
2n+ α+ β + 2
)P (α,β)n (x)
=
2(n+ 1)(n+ α+ β + 1)
2n+ α+ β + 2
P
(α,β)
n+1 (x), (51)
we find
L−1L˜−1Φk,k = −(k + 1)(k + 2∆)Φk+1,k+1.
Using this relation recursively, we find
〈Ψα(t)|eρ(e
−ix+L1−e
ix+L−1)|k〉L|k〉R = 1
Nk
(L−1)
k(L˜−1)
kΦ0,0
= (−1)kΦk,k. (52)
In this way we can evaluate the two point function as
follows:
G(ρ, t) =
∞∑
k=0
Φk,k(ρ, t)
=
∞∑
k=0
e−i2(k+∆)t
(cosh ρ)2∆
P
(0,2∆−1)
k (1− 2 tanh2 ρ).(53)
By using the formula for generating functions of Jacobi
polynomials
2α+β
R(1 +R− z)α(1 +R+ z)β =
∞∑
n=0
P (α,β)n (x)z
n, (54)
where we assume R =
√
1− 2xz + z2, we can show
G(ρ, t) =
e−(2∆−1)D(ρ,t)
2 sinhD(ρ, t)
. (55)
Here the geodesic length D(ρ, t) in AdS3 is given by
coshD(ρ, t) = cosh ρ cos t. (56)
This precisely reproduce the known expression of the
Green function (or bulk to bulk propagator) for arbitrary
conformal dimension ∆ (see e.g. [22, 23]).
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